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Abstract 

We construct the effective field theory of the Calogero-Sutherland model in the 
thermodynamic limit of large number of particles N. It is given by a Wi+oo 
conformal field theory (with central charge c = 1) that describes exactly the 
spatial density fluctuations arising from the low-energy excitations about the 
Fermi surface. Our approach does not rely on the integrable character of the 
model, and indicates how to extend previous results to any order in powers of 
1/N. Moreover, the same effective theory can also be used to describe an entire 
universality class of (l + l)-dimensional fermionic systems beyond the Calogero- 
Sutherland model, that we identify with the class of chiral Luttinger systems. 
We also explain how a systematic bosonization procedure can be performed 
using the Wi+oo generators, and propose this algebraic approach to classify low- 
dimensional non-relativistic fermionic systems, given that all representations 
of Wi +oo are known. This approach has the appeal of being mathematically 
complete and physically intuitive, encoding the picture suggested by Luttinger's 
theorem. 
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The Calogero-Sutherland model has recently received considerable attention 
as a testing model for new ideas in low- dimensional systems significant for condensed 
matter and theoretical physics. Among the most exciting new ideas we find Haldane's 
fractional statistics in (1 + l)-dimensional systems ||. The model has been also used 
in connection with algebraic approaches based on Wi +oa algebras ||], applications 
to two-dimensional QCD ||, integrable spin-chains with long-range interactions ||, 
anyons in a magnetic field 0, quantum wires ||, the quantum Hall effect 0, string 
theory and matrix models [llj and possibly others. 

In this letter we construct the low-energy effective field theory of the model 
in the thermodynamic limit, in terms of the generators of the Wi +00 dynamical sym- 
metry that describe the lowest energy ("gapless") spatial density fluctuations of the 
many-body states of the system. This construction is a straightforward application of 



a method successfully developed for the quantum Hall effect fl2f Rl3fl . Indeed, writing 
the model in terms of the W\ +00 generators allows us to include the non-perturbative 
effects of the interaction by simply changing the representation of the symmetry al- 
gebra, a result implied by Luttinger's theorem The resulting effective conformal 
field theory |L5] incorporates, therefore, the idea of the bosonization of the lowest en- 
ergy fluctuations of the Fermi surface as the relevant semiclassical degrees of freedom 
T6| . Our results expand upon previous findings [0 and, moreover, show that the 



same theory describes general Luttinger systems as well. 

Previous investigations in the Calogero-Sutherland model using conformal and 
Wi +OD methods Q have been mostly concerned with the integrability aspects of 
the model encoded in the symmetry algebra. Here, however, we study the effective 
theory of the dynamics of the Fermi surface, giving up integrability in exchange 
for a formulation that applies to a wider universality class of theories beyond the 
Calogero-Sutherland model: the Luttinger systems. With respect to the Fermi surface 
dynamics, the former approaches should be considered as "bulk" (deep interior of the 
Fermi sea) formulations, as opposed to the "boundary" description encoded in the 
latter. Indeed, from the experience drawed from the quantum Hall effect 



we 



expect that the "boundary" description will produce the most simple and universal 
approach to the low-energy dynamics for these systems [|13|1 . 

Consider first the non-relativistic iV-body problem of (1 + 1) -dimensional spinless 
interacting fermions on a circle of length L, with hamiltonian f|| (in units where 
h = 2m = 1, with m being the mass of the particles) 
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Here Xi (i = 1,...,N) is the coordinate of the z-th particle, and g = 2A(A — 1) 
the coupling constant. We shall construct the effective field theory of (H) following 
closely the method developed for the case of quantum Hall effect flT2f |jI3fl , i.e., we 
reformulate the problem in variables that describe directly the dynamics of the Fermi 
surface when N is large. In the free case (A = 1), the single-particle wave functions 
are given by plane waves: 

4> k (x) = -J= exp (i^-kx) , (2) 



where k is an integer (half-integer) for periodic (anti-periodic) boundary conditions. 
We then define a second- quantized non-relativistic fermion field as 

oo 

V(x,t) = a k<f>k{%,t), {a k ,a}} = 5 k> i ■ (3) 

k=— oo 

Here (f>k(x, t) = (j>k(x) exp (— ie k t), t k = (2n/L) 2 k 2 and a k , a\ are Fock space operators. 
The ground state of the system is 

I n , JV ) = al M al M+1 . . . a} M _ ia } M \ ) , (4) 

where | ) is the Fock vacuum and M = (N — l)/2. Note that k is an integer 
(half-integer) if N is odd (even). The ground state density p(x,t) is given by 

M N 

P (x,t) = (n,N\¥(x,t)*(x,t)\n,N) = J2 \M%,t)\ 2 = - . (5) 

k=-M L 

Therefore p(x,t) = po = N/L is uniform and stationary. We shall consider the 
thermodynamic limit of large iV and L, with p finite. The Fermi momentum is 
Pf = tt(N — 1)/L and the Fermi surface consists of two Fermi points located at 
±Pf- Note that in this limit the ground-state (|j) becomes a relativistic Dirac sea 
for each one of them. Next we define "shifted" Fock operators around each Fermi 
point [001T§ &( +) = ciM+r j = a -M-r , where \r\ <C N describes small 

fluctuations, i.e., the lowest energy excitations of the system. In the thermodynamic 
limit, after rescaling x = qL/2ir and t = tL/Att, we find 

#(z,t) = [e i7(+) F {+ \q-p F T) + e- i7( - } F { ~\q + p F r) 

VL 

oo 

F {±) (0) = E^^, 7(±) = PFL(qTPFT/2)/2K, (6) 

r=— oo 

where F^(0) are Weyl fermion fields which describe the relevant degrees of 
freedom of the system in the vicinity of the Fermi surface ETI. Note that in the 
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thermodynamic limit the original single field (|3|) decomposes into two independent* 
fields of opposed chirality (@) (under the hypothesis of small fluctuations around 
the Fermi points). Each field represents a charged, chiral, relativistic fermion that 
corresponds to a conformal field theory with central charge c = 1 [pjj. Note that 
F&(6 + 2tt) = exp(±i2nfi)F^(9), with n = (ji = 1/2) for N odd (even) . As 
a consequence of the above decomposition, the Hilbert space of the effective theory 
becomes the tensor product of two independent Hilbert spaces (±). 

In terms of these fields, we can immediately construct two commuting sets of 
H^i+oo generators |24| |13| . For simplicity, we shall concentrate on one of them only, 
and omit the affix (±) in the rest of the discussion 



V 3 



d6 F\6) $e- ind (id e ) j t F{B) , 
Yl PfcnJ'il*) b l-n b k , J>0 



(7) 



fc=— oo 



where \ \ denotes an ordering of the first-quantized operators exp(— i0) and idg , 
such that Vi = Vl n . The coefficients p(k,n, j; jj) are j-th order polynomials in 



k whose specific form depends on the choice of ordering |24|. The algebra satisfied 
by these operators follows from the standard anticommutation rules of the fermionic 
operators F and F*. It is the W^i+oo algebra |L{|, the quantum version of the algebra 
of area-preserving diffeomorphisms: 



V 1 , V 3 

n ' m 



+ 



(jn-im) TC+n 1 + <l(h3, m, n) V^+n 3 
. . . + 5 n+mfl c(n,i,j) . 



The first term in the r.h.s. of (|j) is the classical term. It accounts for the local conser- 
vation of particle number, i.e., the area under the curve of the density as a function 
of the spatial coordinate (which explains the name assigned to (§)). The second and 
higher operator terms arise at the quantum level because the V£ are polynomials in 
dg . Finally, the c-number terms c(n, i,j) represent the relativistic quantum anomaly, 
which follows from the renormalization of the charges V l . Since we shall measure 
charges with respect to the ground state (P,we adopt the standard relativistic normal 
ordering procedure of writing all annihilators to the right of creators. 

The simplest cases of eq. 



are 



V°,V° 

v\v° 



c n 5 nA 
—m V. 



m.O 





n+m ' 



Apart from the overall constraint of total charge (or particle number) conservation. 
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Kl V^] = (n - to) K'+m + ^ (™ 3 - n) <W,o , (9) 

with c = 1. Eqs.(|) show that V® and V^ 1 are the oscillator (abelian Kac-Moody) 
and conformal (Virasoro) modes, respectively. The index (i + 1) is the conformal spin 
of the V£ currents and n is the moding. 

The fermionic character of the ground-state (H) when N is large can now be 
specified by the infinite set of conditions 

V* | O ) = 0, V n > ,i > , (10) 



where | O ) = | O, N ) and N 3> 1. In mathematical terms ||15|| , this equation 
states that the ground state is a c=i highest-weight state of the M^i+oo algebra with 
weights Vq\ ) = , V? > . Moreover, all neutral excitations generated by 
polynomials of V£ (n < 0) applied to | Q, ), make up a unitary irreducible highest- 
weight representation of W\ +00 f25f||24}l . In a fermionic language, these correspond 
to neutral particle-hole excitations on top of | Q ). Conditions (|Tt]) are analog to 
those defining the Laughlin incompressible quantum fluids that describe the plateaux 



in the quantum Hall effect |18|p0[. Indeed, this is a consequence of the uniform 
density ([5]) that characterizes the ground state | O ). There exist also other types 
of excitations, corresponding to classical solitons [21]. These are the analogs of the 
Laughlin's quasi- holes and quasi-particles in the quantum Hall effect [20]. They carry 
a non-vanishing charge Q associated to the local U(l) particle number conservation 
at the Fermi surface ||14j| . A highest-weight state | Q ) satisfies: 

V*\Q) = 0, Vn>0,i>0, 

K\Q) = mi (Q) | Q ) . (11) 



The weight polynomials m^Q) are known p5fl . For our purposes, it suffices to quote 
that mo(Q) = Q and m\{Q) = Q 2 /2. The ground state | O ) is a trivial exam- 
ple of a highest- weight state with Q = 0. In our algebraic formulation, it can be 
shown that these charged excitations, together with their towers of neutral excita- 
tions, correspond to further irreducible highest-weight representations [Q . All these 
highest-weight representations closed under the fusion rules, i.e., the rules for com- 
position of excitations, define a H^i+oo conformal field theory. In physical terms, this 
is the effective theory of low-energy density fluctuations about a state with uniform 
density 

For a highest- weight state | Q ), a (bosonic) basis of neutral excitations is given 
by the V® only [53]. These states are of the form: 



k, {m,n 2 , ...,n s }) = V°V° . . . K° n J Q) , ni >n 2 >...>n s >0, (12) 
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where k = Q 2 /2 + £?= i Hi is the total momentum (in units of 2tt/ L) and rii are 
(positive) integers. 

In order to finish with the construction of the effective field theory of ([I]) and 
compute the spectrum of its excitations, we repeat the same steps that brought us 
to (§) with the hamiltonian. Consider the second-quantized free hamiltonian Ho 
(tics = H + Hi) 



Ho = / dx ¥(x, 0) ho V(x, 0) = V 
Jo 



k=— 00 



2n 



L J 



\ 2 

1 A; 2 at 



(13) 



with /iq = — <9 2 . Following the procedure described above, after subtraction of the 
total ground state energy E = tt 2 N(N 2 — 1)/3L 2 by normal ordering, we find that 
n = H { +) 4 H^ ] with 



WP 



(2vrp 



1 V° 4 — V 1 4. J_ ^ T/ 2 L V° 

4 iV iV 2 V 12 K ° 



(14) 



where we have again omitted the (±) affix in the Vq's (but it should be clear that 
both sets of operators are identical in terms of each Fock basis). The explicit form of 
the H^i+oo operators here is ]T3|: 



V° 

n 

V 1 
V 2 



n + 1 



r=— 00 
00 

E 

r=— 00 
00 

E 



r — 



. Lt J, . 
• u r—n u r ■ j 



(n + l)(n + 2)\ lt , 
(n + l)r4^ ^ M 



(15) 



The spectrum of the free hamiltonian follows from (|I4"D and the representation theory 



of W\ +00 p5| , and will be discussed later. 

We can also treat the interaction hamiltonian in (HD in a similar way. Consider 



the second-quantized hamiltonian 

dx / 
/o jo 

In Fock space we have 



Hi = [ L dx f dy¥{x, 0)#%,0) 
jo Jo 



7T 



Hi 

M(n, m; k) 
M(n, to; k) 



2L 2 sm 2 (n(x -y)/L) 
E E E M(n,m;k) 



*(y,0)*(x,0) . (16) 



00 00 00 



n=— 00 m=— 00 fc=— 00 
1 



M(n,m;k) — M(n, to; n — to — k) ] 
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1 



. cte / dy (f>* n _ k (x) (p n (x) — — 
2L Z Jo Jo sm [tt[x — y)/L) 

&* m+k (y) <f> m (y) ■ 



(17) 
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The formal expression of the integral in (|T7|) is ultra-violet divergent, and needs to 
be regularized. Explicit computation results in 

M(n,m;k) = M(\k\) = g M °° 2 S ^ , (18) 



4L 2 Je sin 2 (fl/2) 

where e — > + is the cut-off. After regularization, the divergence cancels out in (|1 
due to the antisymmetry of the matrix element. The finite part yields M(|fc|) = 
— g / L) 2 \k\. The hamiltonianp] in the thermodynamic regime becomes TCi = TCj + 
H [ r\ with 

-1 oo 

nf ] = - g (27TP0) 2 ^ E k V- k V k ° , (19) 

k=l 

where we have omitted again the affix in the operators V k , and the mixed chirality 
terms in TCi have been neglected due to the independence between left and right 
chirality sectors assumed in the Hilbert space of the effective theory. The effective 
field theory of one chiral sector (say (+)) of (P is finally defined by the hamiltonian 
= + with given by (g§ and n\ +) by flT|). 

We are now in a favorable position to discuss the spectrum of First note 

that, to order 1/N, only the free hamiltonian fll4|) contributes. In the basis ([12]), the 
finite-size ("gapless") spectrum A£ k — £ k — (ttp ) 2 Vq of (TJJ) is readily obtained: 

A£ k = (2n Po f A + o 

fc = o <5 2 + E n i > n : > n 2 > . . . > n s > . (20) 
^ i=i 



This leading, conformal part of the spectrum has been already discussed in |fL7 
The subleading terms of (jl^) are not diagonal in the basis (|12D , as opposed to the 
interaction terms (|X9|) . However, it is possible, although tedious, to compute the 
1/N 2 corrections to the conformal spectrum (p0|), using (|14]) , (|19"D and ([15D (see |13 
for details). 

Having formulated the free theory in terms of the Wi +OQ generators allows us 
to incorporate the non-perturbative effects of the interaction by virtue of Luttinger's 



theorem |14| , which in the H^+oo language simply amounts to changing the represen- 
tation of the symmetry algebra. To see this, we first discuss the possible values of Q 
which could be any real number according to the representation theory of Wi +OQ [p5| 



but it should be fixed by imposing some physical conditions. In the free theory, Q 



^Note that in rewriting ( fL7| ) using the operators V k , a subtraction of a term proportional to the 
particle number operator is needed Il3]. 
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counts the number of charges ( "soliton number" ) added to or removed from the neu- 
tral ground state, and should be, therefore, an integer. Intuitively, these "solitons" 
correspond to lumps of minimal size given by the value of the density, appropriately 
normalized to 1. In a system with a fixed number of particles, as we are considering 
throughout this paper, soliton-antisoliton pairs can be created by coupling the system 
to an external source of momentum, which adiabatically adds a "unit of momentum" 
Ap = 2tt/L to every single-particle state. This is in total analogy with the Laughlin 
gedanken experiment [pOR , in which a unit of quantum flux is added to a system of 
particles in the first Landau level to create a quasi-particle or quasi-hole. 

Next we note that the Kac-Moody algebra in (|9[) allows for a rescaling of the 
operators V® by a real parameter £, V® = £ _1 V®, without modifying the rest of 
the V£ with i > 1. This produces a rescaling of the charge Q = £ _1 Q. Moreover, 
the energy of the state | Q ) with = with respect to the (neutral) ground 
state | Q = ) is A£ k = (2irp /£) 2 Q 2 /2N = A£ k /£ 2 , with the last term given by 
(pOl). It follows that the soliton described by | Q ) can be reinterpreted as the soliton 
corresponding to | Q ) if the density of the system is rescaled as p = po/£- 111 intuitive 
terms, the normalization of the density is now l/£ rather than 1 and the lumps have 
minimal height also given by l/£. For the class of (1 + l)-dimensional models in 
which the ground-state density scales when varying the coupling constant g (at least 
in some spatial region), i. e., p(g)(,(g) = p(0)£(0), we can view the above scaling as 
the effect of the interaction, such that £ = £(<?) and normalized as £(0) = 1. Indeed, 
theories belonging to this class are known as Luttinger liquids, and the property that 
defines them is known as the "Luttinger theorem" Jl4j . For these systems, the above 
rescaling can be considered as the dominant effect of the interaction. Moreover, on 
top of each highest-weight state with Q = £(g)m, m G Z, we always have a tower of 
neutral excitations as in (0). These properties fix completely the finite-size spectrum 
to be 

^ - Sy) 2 ^°(^ 

k = - [m£{g)f + n i > > n 2 > . . . > n s > , (21) 
z i=i 

where m,n\, . . . ,n s are integers. The Calogero-Sutherland model belongs to the Lut- 
tinger universality class, with £(#(A)) = 1/VA @. This spectrum agrees with the 
results of |17]], and we have also indicated the structure of the higher order (non- 
conformal) corrections to it. The above result applies assuming that the interaction 
is turned on at constant L, and during the adiabatic process an external source or 
drain adjusts the number of particles as N' = N/ \f\ to produce the correct value of 
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the density. 

Two comments for the specific case of the Calogero-Sutherland model are in order. 
The first is that one could realize the W^i+oo c = 1 conformal field theory considered 
here by means of a chiral boson (see, e.g., ref. [23||i~2f). In this language, a/A is the 
compactification radius of the chiral boson that describes the system of interacting 
fermions [0. The second comment is that one could also relate our results to those 
that make use of the Bethe ansatz [[J [f22] . One can interpret the result ([Zl]) as arising 
from two contributions: there is a "collective" contribution to k, k c = m 2 / (2A) due 
to solitonic deformations of the density, and a "particle-hole" contribution k p h = 
J2t=\ n i- I n the first-quantized language of ||22j| , the former corresponds to the "total 
momentum" of the ground (or collective) state, whereas the latter corresponds to the 
contribution of neutral excitations generated by Jack polynomials. 

A similar analysis can be performed if the fermions are located on the real line, 
rather than on a circle. In this case, the hamiltonian is Jl| [§] 

2 



N 

hcs = 



Here u is the strength of the confining harmonic potential, and g the coupling con- 
stant. We repeat the construction of the effective theory done for ([!]). Consider first 
the free case (g = 0). The single-particle wave functions and spectrum are given by 

^ ( ujx 2 \ /u\ 1 / 4: 1 

n {x) = J\f n H n {^/ux) exp — — , M n = - — , (23) 



71 J 2 n / 2 

2uj ( n + ~) , n = 0,1,2,... , (24) 



2, 

where H n (x) are the Hermite polynomials. For convenience, we also define n (x,t) = 
n (x) exp(— ie n t). Next, we introduce a second quantized field 

CO 

ty(x,t) = ^a n n (x,t) , {a k ,aj } = 8 k} i . (25) 

n=0 

The ground state is 

I ^ ) = ajv-i a jv-2 ■ ■ • a i a o I ) • (26) 
The ground state density p(x) (defined as in (|5|)) in the thermodynamic limit satisfies 
the semicircle law (see, e.g., [[J): 

p{x) = - t/ac§ - x 2 , xl = — , (27) 

for values x 2 < x^ and zero otherwise. The semiclassical location of the spatial 
boundary of the ground state is given by ±xq, and the (semiclassical) value of the 
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Fermi momentum is p F = V2Nuj. The thermodynamic limit of N large and to small, 
is taken such that p F and the value of the density at the origin p(0) = y/2Nu /ir 
are finite quantities. We then search for the smallest energy excitations, located in 
regions in which the density (p7|) is approximately constant, i.e., around the origin. 
Define a coordinate q = x/xq and expand p(x) around x = 0. We can turn this 
small q expansion into a consistent 1/N expansion by considering values of q such 
that q 2 ~ 0(1 /N 2 ) only. For excitations close to the Fermi surface, the kinetic term 
in (^) can be estimated semiclassically to be of the order of p\ ~ 0(1). However, 
the confining potential term in fl2~2|) is of the order of p 2 F q 2 — 0(1/ N 2 ). Therefore, in 
this spatial region the system behaves like in the compact case of ([]]), and one could 
repeat the analysis previously done for that case. 

In order to define the theory of small fluctuations about the Fermi surface, consider 
again the "shifted" Fock operators b r = a^-i+r, with \r\ <C N. We consider values of 
N ^> 1 in (pop , with q 2 ~ 0(1/N 2 ) only. The asymptotic form of the wave functions 



for n 3> 1 under this assumption is given by 



n {x) = -±= ' [ cos (y/u(2n+l) x - n|) + O (J^j ] , (28) 

where the last term is proportional to q 2 . After rescaling x and t as x = qxo and 
t = txo/2, and following the steps that brought us to (|), we find 

1 / O, ,\ 1/4 

9{x,t) = 2^(^J [e^PM(q-p F T) + F(-\q + p F T) 

oo 

F {±) (e) = Y,~ h r e^-W , (3(±) = 2N(q TP FT/2) T (N- 1)- , (29) 

where b r = exp(— irir/2) b r . This result is in agreement with @ as expected from 
the previous intuitive discussion. Similarly, the second quantized free hamiltonian Ho 
(Hcs = Ho + Hi) becomes 

roc A A °° / 1 \ 

H = dx ^(x,0) h V(x,0) = J 2w n + - <a n , (30) 
i-oo n=0 V 2 / 

with /i = —9^ + uj 2 x 2 . After subtraction of the total ground state energy E = ojN 2 
by normal ordering, we find 

Ho = 2uN (V ° + ^Vo 1 ) . (31) 

Had we considered a chiral splitting as in the compact case of (|I|) , we would have found 
Ho = H ( o +) + H ~ } with H ( o +) = H ~ ] as in (|14D. However, the correct normalization 
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of the chiral part of fl2"8| ) gives for exactly the same result of fl3T|) . In the 

thermodynamic limit, both hamiltonians (14) and (|3l|) belong to the same universality 
class, as expected. 

To include the effects of the interaction, consider the second quantized hamiltonian 

ftj = - / da; / ^^(^0)^(^0) tt(y,0)tt(s,0) . (32) 

2 J-oo J-oo (x — y) 2 

In Fock space we have an expression analog to (0), but with two-body matrix ele- 
ments of the form 

M(n,m;k) = - / dx / dy <p*_ k (x) <p n {x) <p* m+k (y) <p m (y) , (33) 

/ J— oo J— oo yx — y ) 

and n > 0, m > and — m < A; < n . In practice, the only values of n, m we 
are interested in are of O(N). The wave functions are given by (^|), but we shall be 
concerned with one chirality (say (+)) only: 



0nU x ) = \jl (^) ' e^^iV2^Nx + i^^(r + ^jx-i{N + r) 



OJ ( 1\ , 7T 

2 



• (34) 



After inserting this effective (correctly normalized) wave function in (^), and consis- 
tently restricting the domain of integration to —L e ff < x, y < L e ff, with L e ff = tcxq, 
we follow the procedure that brought us to (Tl9|). In the thermodynamic limit, the 
explicit result for the interaction hamiltonian is 

Q 1 OO 

7T 2 N 2 ^ 

f(k) = r dx (tt-x) C 1 - 008 ^)) ^ 7r 2 fe) ViV»fe>l. (35) 

JO X 2 

Once more, this term is of order 1/7V 2 in the thermodynamic regime and, therefore, 
negligible to first order in 1/N. 

Having formulated the theory in terms of the W^i+oo generators allows us to invoke 
Luttinger's theorem again. As a consequence of it, and eqs. fl3~T|) and (|35"D, the finite- 
size spectrum and conformal dimensions are given again by (^l|) with £(g) = 1 ||, 
replacing (2irp Q ) 2 by 2uN. In deriving this result, we have used the same definitions 
and normalizations as in the compact case (in particular, the value of p(0) remains 
fixed even in the presence of interaction to account for the change in the total particle 
number). Therefore, we have explicitly shown that the Wi+oo bosonization scheme 
gives the same universal results in both the cases of the circle (eq. (|l|)) and the infinite 
line (eq. (||)). 
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Before concluding, we would also like to explain how the W^i+oo approach naturally 
leads to a classification of universality classes of non-relativistic (chiral) fermionic 
systems by focusing on the dynamics of the Fermi surface. In a general chiral system, 
the Wi +00 structure will be automatically incorporated in the Fermi sea and a generic 
(low-energy) effective hamiltonian will have an expansion of the form 

H = £ an Vj + £ Ai(n) Vl n VI , (36) 

t i,j,n 

where a, and (n) are the coefficients that contain all the relevant information about 
the effective theory, the former arising from one-body terms and the latter from two- 
body interactions in the microscopic theory |13|| . A systematic study of the possible 
universality classes compatible with ( |3~6|) can be done using the powerful and general 
mathematical results of the representation theory of Wi +OD [fZ^]. For example, we 
expect that those Wi +OQ conformal field theories with c > 2 (c is constrained to be 
a natural number by unitarity [25j) will exhibit a non-trivial Fermi surface structure 



reminiscent of the hierarchy in the quantum Hall effect p4 
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